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Abstract
We construct the effective Lagrangian describing the low energy excita-
tions for Quantum Chromodynamics with two flavors at high density. The
non-linear realization framework is employed to properly construct the low
energy effective theory. The light degrees of freedom, as required by ’t Hooft
anomaly conditions, contain massless fermions which we properly include in
the effective Lagrangian. We also provide a discussion of the linearly realized
Lagrangian.
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I. INTRODUCTION
Recently quark matter at very high density has attracted a great flurry of interest [1–5].
In this region, quark matter is expected to behave as a color superconductor [1,2]. Possible
phenomenological applications are associated with the description of neutron star interiors,
neutron star collisions and the physics near the core of collapsing stars. A better under-
standing of highly squeezed nuclear matter might also shed some light on nuclear matter
at low density, i.e. densities close to ordinary nuclear matter where some models already
exist. For example, in Ref. [6] a rather complete soliton model at low density is constructed
containing vector-bosons, along with the Goldstone bosons.
In a superconductive phase, the color symmetry is spontaneously broken and a hierarchy
of scales, for given chemical potential, is generated. Indicating with g, the underlying
coupling constant, the relevant scales are: the chemical potential µ itself, the dynamically
generated gluon mass mgluon ∼ gµ and the gap parameter ∆ ∼ µg5 e−
α
g with α a calculable
constant. Since for high µ the coupling constant g (evaluated at the fixed scale µ) is ≪ 1 ,
we have:
∆≪ mgluon ≪ µ . (1.1)
Massless excitations dominate physical processes at very low energy with respect to the
energy gap (∆). Their spectrum is intimately related to the underlying global symmetries
and the way they are realized at low energies. Indeed when the dynamics is such that a
continuous global symmetry is spontaneously broken, a Goldstone boson appears in order to
compensate for the breaking. Massless excitations obey low energy theorems governing their
interactions which can be usefully encoded in effective Lagrangians. A well known example,
in the region of cold and non-dense QCD, is the effective Lagrangian for pions and kaons.
These Lagrangians are seen to describe well the QCD low energy phenomenology [7].
Another set of relevant constraints is provided by quantum anomalies. At zero density
and temperature, ’t Hooft [8] argued that the underlying continuous global anomalies have
to be matched in a given low energy phase by a set of massless fermions associated with the
intact global symmetries and a set of massless Goldstone bosons associated with the broken
ones. The low energy fermions (composite or elementary) contribute via triangle diagrams
while for the Goldstones a Wess-Zumino term should be added to correctly implement the
associated global anomalies.
In [9], the ’t Hooft constraints were seen to hold for QCD at finite density. In particular,
it was shown, by reviewing the dynamically favored phases for Nf = 2, 3 at high density, that
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the low energy spectrum displayes the correct quantum numbers to saturate the ’t Hooft
global anomalies. It was also observed that QCD at finite density can be envisioned, from
a global symmetry and anomaly point of view, as a chiral gauge theory [10,11] for which
at least part of the matter field content is in complex representations of the gauge group.
Indeed an important distinction from zero density, vector-like theories is that these theories,
when strongly coupled, can exist in the Higgs phase by dynamically breaking their own
gauge symmetries [10,11]. This is also the striking feature of the superconductive phase
allowed for QCD at high density. In fact at finite density, vector-like symmetries are no
longer protected against spontaneous breaking by the Vafa-Witten theorem [12].
In this paper we build the effective theory describing the low energy excitations for
Quantum Chromodynamics with two flavors at high density. The non linear realization
framework [13] is used to properly construct the low energy theory. The light degrees of
freedom, as required by ’t Hooft anomaly conditions, contains massless fermions which we
properly include in the effective Lagrangian. We prove that the non linearly realized low
energy effective theory, in general, contains at the lowest order in a derivative expansion
for the Goldstones (i.e. two derivative) two independent terms which are responsible for
distinct contributions to the gluon masses [14] when gauging the color degrees of freedom.
We finally provide a discussion of the linearly realized Lagrangian. In this framework we
see, as in reference [14,15], that the linearly realized effective Lagrangian at the dimension
four level actually predicts the squared gluon mass ratio between the eighth gluon and the
other massive ones to be 4/3. This result does not agree with the underlying calculations
[14]. In order to resolve the issue, in Ref. [14,15] it was pointed out that one can include in
the linear Lagrangian another two derivative term possessing mass dimension 6. This result
shows the failure of the standard naive dimensional counting arguments for suppressing
higher dimensional terms for the effective linearly realized effective Lagrangian. Interestingly,
in the non linear realization case all the terms needed to correctly describe the gluon masses
arises at the same derivative order. This fact suggests that non linear realization description
leads to a consistent counting scheme.
In Section II we summarize some general features of 2 flavor QCD. The general non linear
formalism for the spontaneous breaking of color is presented in Section III. We implement
the breaking of the baryon number in Section IV. Then, in medium, fermions are introduced
in Section V together with the summary of the low energy theory and its extension to the
broken Lorentz group case. A linearly realized Lagrangian is explored in Section VI. In
Section VII we conclude.
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II. GENERAL FEATURES OF 2 FLAVOR QCD AT HIGH DENSITY
The underlying gauge group is SU(3) while the quantum flavor group is
SUL(2)× SUR(2)× UV (1) , (2.1)
and the classical UA(1) symmetry is destroyed at the quantum level by the Adler-Bell-
Jackiw anomaly. We indicate with qLc,i;α the two component left spinor where α = 1, 2 is
the spin index, c = 1, 2, 3 is the color index while i = 1, 2 represents the flavor. qR
α˙
c,i is the
two component right spinor. We summarize the transformation properties in the following
table:
[SU(3)] SUL(2) SUR(2) UV (1)
qL 1 1
qR 1 1
(2.2)
where SU(3) is the gauge group, indicated by square bracket. The theory is subject to the
following global anomalies:
SUL/R(2)
2UV (1) ∝ ±3 , (2.3)
where we have chosen a convention for the flavor generators in which the quadratic anomaly
factor is 1.
At zero density we have two possible phases compatible with the anomaly conditions. One
is the ordinary Goldstone phase associated with the spontaneous breaking of the underlying
global symmetry to SUV (2)×UV (1). The other is the Wigner-Weyl phase where, assuming
confinement, the global symmetry at low energy is intact and the needed massless spectrum
consists of massless baryons. The Goldstone phase, associated with a non vanishing q¯LqR
condensate, is the one observed in nature. This fact supports a new idea presented in
Ref. [11]. There it is suggested that, for an asymptotically free theory, among multiple
infrared phases allowed by ’t Hooft anomaly conditions, the one which minimizes the entropy
at the approach to freeze-out is preferred.
What happens when we squeeze nuclear matter? At very low baryon density compared
to a fixed intrinsic scale of the theory Λ, it is reasonable to expect that the Goldstone phase
persists. On the other hand at very large densities, it is seen, via dynamical calculations [1,2],
that the ordinary Goldstone phase is no longer favored compared with a superconductive
one associated with the following type of quark condensates:
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ǫαβǫabcǫij < qLb,i;αqLc,j;β > , ǫα˙β˙ǫ
abcǫij < qα˙Rb,iq
β˙
Rc,j > . (2.4)
We can now introduce two scalar fields which play the role of order parameters:
L†
a ∼ ǫabcǫijqαLb,iqLc,j;α , R†
a ∼ −ǫabcǫijqRb,i;α˙qα˙Rc,j . (2.5)
Under a parity transformation
La ↔ Ra. (2.6)
If parity is not broken spontaneously, we have
〈La〉 = 〈Ra〉 = vδ3a , (2.7)
where we chose the condensate to be in the 3rd direction of color. This condensate is not
allowed at zero density by the Vafa-Witten theorem. The order parameters are singlets
under the SUL(2)× SUR(2) flavor transformations while possessing baryon charge 2.
The vev breaks the gauge symmetry while leaving intact the following group:
[SU(2)]× SUL(2)× SUR(2)× U˜V (1) , (2.8)
where [SU(2)] is the unbroken part of the gauge group. The U˜V (1) generator is the following
linear combination of the previous UV (1) generator Q = diag(1, 1, 1) and the broken diagonal
generator of the SU(3) gauge group T 8 = 1
2
√
3
diag(1, 1,−2)
S˜ =
1
3
√
2
[
Q− 2
√
3T 8
]
. (2.9)
The S˜ charge of the quarks with color 1 and 2 is zero.
The superconductive phase for Nf = 2 possesses the same global symmetry group of
the confined Wigner-Weyl phase. This remarkable feature when considering chiral gauge
theories at zero density (where the superconductive phase is now a Higgs phase) is referred
as complementarity. This idea was introduced in Ref. [16] where it was conjectured that
any Higgs phase can be described in terms of confined degrees of freedom and vice versa.
It is convenient to introduce the fields:
Va =
La +Ra√
2
, A =
La − Ra√
2
. (2.10)
On the vacuum, via (2.7), we have:
〈Va〉 =
√
2vδ3a 〈Aa〉 = 0 . (2.11)
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The massless excitations are associated with the fluctuations around the vacuum expectation
value for Va while the fields described by Aa are massive. In Ref. [17] it is argued, based
on a dynamical calculation, that at very high density the Aa fields might be very light and
possibly relevant for the low energy phenomenology. However we will focus mainly on the
truly massless excitations since low energy theorems are valid only for these fields. Low
energy theorems are, in general, efficiently encoded in a non linear realization framework
which we will soon construct.
III. LOW ENERGY EFFECTIVE THEORY WITHOUT BARYON NUMBER
In order to write an effective Lagrangian for 2 flavor QCD, one could, at least in principle,
proceed in different ways. For example one could add a mass term for the strange quark
in the 3 flavor Lagrangian. However, since the theory is not supersymmetric, an exact
decoupling procedure is not known§ at effective Lagrangian level. A general way, which we
will explore here, to directly construct the 2 flavor effective Lagrangian makes use of the
non linear realization methods [13]. The latter have been already successfully employed for
the 3 flavor case at high density in [19].
Following reference [19], we now construct the non linearly realized effective Lagrangian
containing the diquark degrees of freedom coupled to gluons.
We postpone the breaking of the baryon number and its consequences to the next section.
The group of transformations is G = SU(3), while the stability group leaving the vacuum
invariant is the proper subgroup H = SU(2) ⊂ G. The color generators Tm of SU(3), with
m = 1, . . . , 8, obey the normalization condition Tr [TmT n] = 1
2
δmn. We divide the generators
{T} into two classes, calling the generators of H {Sa = T a}, with a = 1, . . . , 3 and the
broken generators {X i = T i+3} with i = 1, . . . , 5. It is worth noticing that the quotient
space G/H , in this case, is not a symmetric space. By symmetric space we mean that, if X
and S represent arbitrary linear combinations of the broken and unbroken generators, their
commutators should satisfy the restriction:
[X,X ] = iS . (3.1)
It is easy to verify that the previous condition is not obeyed. Clearly, our generators should
always satisfy the trivial conditions
§An attempt to generalize to QCD the Seiberg decoupling procedure at the effective Lagrangian
level is provided in [18].
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[S, S] = iS , [X,S] = iX , (3.2)
expressing the fact that the Lie algebra of H closes and that the {X} form a representation
of H .
The coset space G/H is parameterized by the group elements
V = exp(iξiX i) , (3.3)
with ξi = Πi/v describing the Goldstone fields and are coordinates of the space G/H . V
transforms non linearly under a color transformation, i.e.:
V(ξ)→ gV(ξ)h†(ξ, g) , (3.4)
where g ∈ G and h ∈ H . It is convenient to define the hermitian (algebra valued) Maurer-
Cartan one-form
ωµ = iV†DµV , (3.5)
with Dµ the covariant derivative with respect to G = SU(3)
DµV = (∂µ − iGµ)V , (3.6)
and Gmµ T
m the gluon fields. Since V transforms with respect to G as in Eq. (3.4) it follows
that
ωµ → h(ξ, g)ωµh†(ξ, g) + h(ξ, g)∂µh†(ξ, g) . (3.7)
We decompose ωµ into the part parallel to H
ω‖µ = 2S
aTr [Saωµ] , ∈ Lie H , (3.8)
and into the perpendicular part
ω⊥µ = 2X
iTr
[
X iωµ
]
, ∈ Lie G− Lie H . (3.9)
Summation over repeated indices is assumed.
This yields the following transformation properties:
ω‖µ → h(ξ, g)ω‖µh†(ξ, g) + h(ξ, g)∂µh†(ξ, g) , (3.10)
and
ω⊥µ → h(ξ, g)ω⊥µ h†(ξ, g) . (3.11)
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Then, it turns out that the most general invariant of second order in the derivatives is
L = v2Tr
[
ω⊥µ ω
µ⊥] = −2 v2Tr [X iV†DµV] Tr [X iV†DµV] . (3.12)
We can immediately see, by adopting the unitary gauge (corresponding to ξ → 0), that the
previous term provides a mass term for the gluons associated with the 5 coset generators,
whereas the gluons G1,2,3 remain massless. Indeed the mass term reads:
L = 2v2Tr
[
X iGµ
]
Tr
[
X iGµ
]
=
v2
2
GiµG
iµ . (3.13)
The fact that we find the same mass for all of the gluons of the broken subgroup is not
surprising, since we have treated them equally. In the next section we address the problem
of the baryon number and show how, in the non linear framework, this naturally leads to a
distinct mass for the eighth gluon.
The massless gluons of the subgroup H confine, leaving, as we shall see, only some of
the quarks as massless excitations at low energies.
IV. THE ABELIAN GROUP UV (1)
The previous discussion is not yet complete, since we have omitted the breaking of the
baryon number. Indeed the group of transformations should be G = SU(3)× UV (1), while
the unbroken subgroup is H = SU(2)× U˜V (1).
The non linear transformations are now:
V(ξ)→ uV gV(ξ)h†(ξ, g, u)h†
V˜
(ξ, g, u) , (4.1)
uV ∈ UV (1) , g ∈ SU(3) , h(ξ, g, u) ∈ SU(2) , hV˜ (ξ, g, u) ∈ U˜V (1) . (4.2)
The UV (1) charge is Q = diag(1, 1, 1). The generator, for U˜V (1), leaving the vev invariant is
S˜ =
1
3
√
2
[
Q− 2
√
3T 8
]
= diag(0, 0,
√
2/2), (4.3)
where we have chosen to normalize it according to Tr
[
S˜2
]
= 1/2. The coset space G/H is
parameterized, as before, by the group elements
V = exp(iξiX i) , (4.4)
but now we identify the Goldstone bosons as:
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ξi =
Πi
v
i = 1, 2, 3, 4 , (4.5)
ξ5 =
Π5
v˜
. (4.6)
We still have 5 generators {X i} which belong to the coset space G/H , but one of them
needs to be modified. While X1,2,3,4 are still identified, respectively, with T 4,5,6,7, the coset
generator which replaces X5 = T 8 of the previous section is now
X5 =
1
3
[
Q +
√
3T 8
]
= diag(
1
2
,
1
2
, 0). (4.7)
We used the orthogonality condition
Tr [XS] = 0 , (4.8)
to construct X5 with Tr[X5X5] = 1
2
. Notice that X5 is no longer traceless (i.e. Tr [X5] = 1).
It is amusing to note that V transforms on the left as an ordinary quark with respect to
color and UV (1) transformations. This will turn to be important when adding the fermions.
As for ordinary QCD, we can construct a field transforming linearly by using only non
linearly realized fields via:
Va =
v√
2
ǫabc Vbi Vcj ǫij3 . (4.9)
To prove that the previous expression transforms linearly we recall that the H subgroup
acts on the right of V. So under a general non linear transformation we have:
ǫabc Vbi Vcj ǫij3 → u2V ǫabcgbdgceVdkVel h†
k
i h
†l
jh
†
V˜
2
ǫij3 → u2V ǫabcgbdgceVdkVel ǫkl3 . (4.10)
Indeed due to Eq. (4.3) we have that h
V˜
acting on the color indices 1 and 2 is equivalent to
the identity. We also have
h†
k
i h
†l
j ǫ
ij3 = ǫkl3 , (4.11)
since h is an SU(2) matrix and we have conveniently chosen the indices. Therefore, Va
transforms linearly. Using the relation:
detV ≡ 1
3!
ǫabc ǫ
kij VakVbiVcj = exp
[
i
Π5
v˜
Tr [Q]
3
]
= exp
[
i
Π5
v˜
]
, (4.12)
we can rewrite Eq. (4.9) in the following form:
Va =
√
2 v e
iΠ
5
v˜ V−13a . (4.13)
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The latter expression corresponds to the polar decomposition of the vector Va with the
massive scalar field frozen to its vev value. Since the field Π5 is associated with the X5
generator, which is a linear combination of an abelian and of a non abelian T 8 generator,
detV does not parameterize an independent field.
Expanding V up to first order in the Goldstones leads to:
Va =
√
2 v
[
1 + iξ5
(
2
3
Q− 1√
3
T 8
)
− i
4∑
i=1
ξiX i
]c
a
δ3c + vO
(
ξ2
)
. (4.14)
This new field explicitly describes the vev properties. First of all, when considering the limit
ξ → 0 we recover the correct vacuum, i.e.
Va =
√
2vδ3a . (4.15)
Furthermore, as expected, Va transforms under the underlying gauge transformations as a
diquark.
Equation (4.9) mimics what happens in ordinary QCD. There the vev transformations are
encoded in the linearly transforming matrix U → gLUg†R while the non linearly transforming
field is simply
√
U → gL
√
Uk†(
√
U, gL, gR) = k(
√
U, gL, gR)
√
Ug†R, with k(
√
U, gL, gR) ∈
SUV (3).
If we insist in gauging the color transformations the general discussion in the previous
section remains unchanged. The substantial difference is that now the most generic two
derivative kinetic Lagrangian
L = v2a1Tr
[
ω⊥µ ω
µ⊥ ]+ v2a2Tr [ω⊥µ ]Tr [ωµ⊥ ] , (4.16)
acquires a new term. The presence of a double trace term is due to the absence of the
traceless condition for the broken generator X5.
The kinetic term for the Goldstones is:
Lkin =
a1
2
4∑
i=1
∂µΠ
i∂µΠi +
v2
v˜2
(
a1 + 2a2
2
)
∂µΠ
5∂µΠ5 . (4.17)
Normalizing the kinetic term we have
a1 = 1 , a2 =
1
2
[
v˜2
v2
− a1
]
. (4.18)
The square gluon mass ratio, in the unitary gauge (i.e. ξ → 0), between the eighth gluon
and any other massive one now reads:
m28
m2i
=
1
3
[
1 + 2
a2
a1
]
=
1
3
v˜2
v2
, (4.19)
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with i = 4, 5, 6 or 7 and in the last step we use Eq. (4.18). Using perturbation theory
at one loop [14] a2 ≈ 1/2 (i.e. v˜ ≈
√
2 v). Also, as we shall see, in the linearly realized
lagrangian one can write [15] two two-derivative terms in the effective Lagrangian. However
one of them appears in the Lagrangian as a higher order in mass dimension, leading to a
not straightforward systematic expansion.
V. IN MEDIUM FERMIONS
Now we turn our attention to the Fermi fields. First of all, let us introduce the following
field:
ψ˜ = V†ψ , (5.1)
which under the action of the group G = SU(3)× UV (1) transforms as
ψ˜ → h
V˜
(ξ, g, u)h(ξ, g, u)ψ˜ . (5.2)
This construction allows us to easily switch to the non linear representations and it is often
encountered in the Heavy Quark Effective formalism [20].
The fermion field in (5.1) can be thought as a, in medium, quark surrounded by a
Goldstone cloud. Remarkably, as also required by ’t Hooft anomaly conditions [9], the newly
defined (in medium) fermion possesses the unbroken U˜V (1) charge. The cloud (effectively
included in V) correctly screens the baryonic charge.
In the new variables, one can construct two independent invariant terms
L1 = ψ˜iγ
µ(∂µ − iω‖µ)ψ˜ , L2 = ψ˜γµω⊥µ ψ˜ . (5.3)
One can easily verify that the tree level lagrangian term for the quarks
LTree = ψ¯γ
µ(∂µ − iGµ)ψ , (5.4)
corresponds to the linear combination of
LTree = L1 + L2 . (5.5)
Another invariant that we can add to the effective Lagrangian corresponds to the follow-
ing Majorana mass term:
Lm = mM ψ˜Ciγ
5(iT 2)ψ˜jǫ
ij + h.c. (5.6)
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with ψ˜C = iγ2ψ˜∗, where i, j = 1, 2 are flavor indices. The invariance under a h(ξ, g, u) ∈
SU(2) transformation is insured by the relation
(Sa)TT 2 = −T 2Sa, (5.7)
where
T 2 = S2 =
1
2
 σ2 0
0 0
 . (5.8)
The invariance under a U˜V (1) transformation is due to the fact that its generator S˜ =
diag(0, 0,
√
2
2
) is such that (S˜)TT 2 = −T 2S˜ = 0.
We stress that this Lagrangian term respects the underlying color transformations as well
as the global transformations SUL(2) × SUR(2) × UV (1). The breaking of the underlying
symmetries manifests itself only when we evaluate this Lagrangian on the vev (i.e. ξ → 0).
To see this one can rewrite the previous terms as an explicit function of V. Parity is also
enforced. This term does not produce a mass term for the quarks with color index 3 while
yielding a Majorana mass term for fermions with color index 1 and 2.
The latter Lagrangian term is similar to the meson-fermion interaction we can write
in standard QCD (of the type q¯Uq which yields the constituent Dirac quark masses when
evaluated on the vev).
At this point, for reader’s convenience, we summarize the total non linearly realized
effective Lagrangian describing in medium fermions, gluons and their self interactions, up
to two derivatives,
L = v2a1Tr
[
ω⊥µ ω
µ⊥ ]+ v2a2Tr [ω⊥µ ]Tr [ωµ⊥ ]
+ b1ψ˜iγ
µ(∂µ − iω‖µ)ψ˜ + b2ψ˜γµω⊥µ ψ˜
+mM ψ˜Cγ
5(iT 2)ψ˜ + h.c. . (5.9)
Here a1, a2, b1 and b2 are real coefficients whilemM is complex and we omit flavor indices. At
the tree level in the underlying theory we have b1 = b2 = 1. The massless degrees of freedom
are the in medium fermions ψ˜a=3,i which possess the correct quantum numbers prescribed by
’t Hooft anomaly conditions [9]. As already mentioned, the SU(2) color subgroup remains
unbroken and the associated 3 gluons are expected to confine again. To the previous general
effective Lagrangian we should also add the gluon kinetic term.
In writing the effective low energy theory we have not yet considered the breaking of
Lorentz invariance at finite density. Following Ref. [19] we impose invariance only under the
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O(3) subgroup of the Lorentz transformations. This amounts to have different coefficients
for the temporal and spatial indices of the Lagrangian which now becomes:
L = v2a1Tr
[
ω⊥0 ω
⊥
0 − α1~ω⊥~ω⊥
]
+ v2a2
[
Tr
[
ω⊥0
]
Tr
[
ω⊥0
]
− α2Tr
[
~ω⊥
]
Tr
[
~ω⊥
]]
+ b1ψ˜i
[
γ0(∂0 − iω‖0) + β1~γ ·
(
~∇− i~ω‖
)]
ψ˜ + b2ψ˜
[
γ0ω⊥0 + β2~γ · ~ω⊥
]
ψ˜
+mM ψ˜Cγ
5(iT 2)ψ˜ + h.c. , (5.10)
where the new coefficients αs and βs encode the effective breaking of Lorentz invariance. To
the previous Lagrangian we can still add the chemical potential type of term ψ˜γ0ψ˜.
Clearly, in future, it would be valuable to compute the coefficients of the effective La-
grangian in Eq. (5.10) at asymptotically high densities. We notice that, due to the invariance
under the global SUL(2)×SUR(2) symmetry group, no mass term arises for the third colored
quarks and that any dynamical calculation (preserving the flavor symmetries) will have to
respect this condition. In Ref. [21], using some dynamical calculation, it is argued that this
seems to be the case.
VI. LINEAR REALIZATIONS
For the linearly realized effective Lagrangian we can start directly with the triplet field
Va. This complex field encodes the five Goldstones plus a massive scalar. The relation with
the non linearly realized fields is provided in Eq. (4.9).
While in the non linear realization case the effective Lagrangian is ordered in number of
derivatives, usually in the linear case, the terms are ordered according to their increasing
mass dimension. The general dimension four effective Lagrangian is:
L = DµV †DµV + P (V ) . (6.1)
P (V ) is a potential term of the general form:
P (V ) = −M2V V †V + λV
[
V †V
]2
, (6.2)
withMV and λV real parameters and the negative sign mass term has been chosen to provide
a non zero vev for V
The color covariant derivative is defined as follows:
DµV = ∂µV + iV Gµ , (6.3)
and Gµ = G
m
µ T
m is the gluon field. In constructing the previous lagrangian, we have also
assumed parity invariance. The potential leads to a non vanishing vacuum expectation value
for V which we choose to align in the color direction 3,
12
〈Va〉 =
√
2vδ3a , v =
1
2
√
M2V
λV
. (6.4)
The local SU(3) gauge invariance is then spontaneously broken to the SU(2) local gauge
subgroup. 5 of the 6 independent scalars contained in Va are massless. We choose the unitary
gauge and absorbe the massless degrees of freedom in the longitudinal components of the 5
massive gauge fields. In this gauge we can write the fluctuations around the vacuum for Va
as:
V =

0
0√
2v + σ
 . (6.5)
where the scalar σ is a massive real field with 〈σ〉 = 0. The masses of the 5 gluons are
related to the condensate via:
mi = v, m8 =
2√
3
v , (6.6)
with i = 4, 5, 6, 7. Clearly no Goldstone boson survives since there is no global symmetry
left unbroken. As expected the massless degrees of freedom are the first 3 gluons for the
unbroken SU(2) gauge symmetry. However the latter are supposed to confine and hence to
generate a new confining scale associated with pure gluon-dynamics with two colors but no
flavors.
We immediately notice, as in reference [14,15], that the linearly realized effective La-
grangian at the dimension four level predicts the squared gluon mass ratio between the
eighth gluon and the other massive ones to be 4/3. This result does not agree with the
underlying calculations [14]. In order to resolve the issue in Ref. [14,15], it was pointed out
that one can include in the linear Lagrangian another two derivative term of the form:
b
v2
[
V †DµV
] [
V †DµV
]
. (6.7)
b is a real number. This term has mass dimension 6. At this point we cannot use, in
general, the standard naive dimensional counting arguments for suppressing other higher
dimensional terms for the effective linearly realized Lagrangian. Interestingly, in the non
linear realization case, all the terms needed to correctly describe the gluon masses arises at
the same derivative order. This fact suggests that non linear realization description leads to
the correct counting scheme.
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VII. CONCLUSIONS
We constructed the low energy effective theory describing Quantum Chromodynamics
with two flavors at high density. In order to correctly implement the low energy theorems, we
have used the non linear realization framework. An important difference with respect to the
3 flavor case is the presence, guaranteed by ’t Hooft anomaly conditions, of massless fermions.
We have hence properly added the, in medium, fermions to the effective Lagrangian. Then
we generalized it to the case when Lorentz invariance is broken, by medium effects, to O(3).
We also show that there are two independent two derivative terms for the Goldstone bosons
(which will eventually become longitudinal components of the color gauge bosons). This
is shown to be an effect related to the baryon number violation. We finally investigate
the linearly realized effective Lagrangian which, in general, is useful and well defined only
when describing a phase transition. Here we see, as also noted in Ref. [14,15], that the
naive (in mass) dimensional counting rule used to naturally order the terms does not hold
when confronted with perturbative dynamical calculations [14]. In contrast the non linearly
realized theory provided a consistent counting scheme.
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